We study the thermal-piezoresistive pumping mechanism within silicon micromechanical resonators. We develop a multiphysics finite-element model to predict the effective quality factor tuning from pumping for arbitrary geometries and dopants. Our model reproduces the effective quality factor tuning direction and magnitude of our fabricated devices versus direct current as a function of dopant type, concentration, thermal actuator width, and device orientation. We show that, in contrast to degenerate parametric amplification, thermal pumping steepens the phase slope near resonance with an increasing effective quality factor.
I. INTRODUCTION
Microelectromechanical (MEM) and nanoelectromechanical (NEM) resonators underlie many sensors and oscillators used within academic research and technology, such as atomic-force microscopes [1] , inertial sensors [2] , timing references [3] , and filters [4] . An important property of MEM resonators is the quality factor, Q, which is a measure of the energy dissipation in the mode. Effective quality factor (Q eff ) tuning, such as external feedback control [5] [6] [7] [8] , parametric amplification [9] [10] [11] [12] [13] [14] [15] [16] , and optical pumping [17] [18] [19] [20] , is an active technique for feeding energy into or taking energy out of a mechanical mode, which artificially enhances or suppresses the measured quality factor of that mode. It is well known that Q eff tuning cannot modify the thermomechanical signal-to-noise ratio of a resonant sensor, because feedback identically modifies the resonator response to the signal and thermal noise [21, 22] . Q eff suppression is helpful for improving the bandwidth BW = ω n /Q eff of amplitude-modulated resonant sensors [23] , and for ground state cooling of mechanical resonators * jmlm@stanford.edu † zhuhs@scut.edu.cn
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DOI. [24, 25] . Q eff enhancement into the self-oscillation regime is useful as an oscillator topology [26, 27] . Each Q eff tuning technique has trade-offs in terms of the feasibility of implementation, the power consumption, and the performance. External feedback control requires continuous measurement of the resonator thermal-noiseinduced motion and a means for feeding the phase-shifted signal back to drive the device. Degenerate parametric amplification requires the modulation of some parameter of the resonator, typically the spring constant, at twice its resonant frequency. Optical pumping requires the coupling of the mechanical mode to an optical or microwave cavity and the use of an external laser or microwave signal generator to pump the cavity at its red or blue sideband.
Thermal-piezoresistive pumping is a recently discovered technique for Q eff tuning of MEM/NEM resonators by converting energy from a direct current (dc) into alternating current (ac) motion [28] . Thermal pumping utilizes a thermoelectromechanical feedback mechanism within semiconductor structures with sufficient material piezoresistivity. The modification of Q eff is initiated by flowing a direct current through one or more beams in the structure, the longitudinal extension of which can excite the mode of interest [29] . The use of a simple direct current to tune Q eff is what distinguishes thermal pumping from the other methods. Figure 1 depicts how thermal pumping increases Q eff for a resonator with a negative piezoresistive coefficient (e.g., n-type doped silicon). Starting from the FIG. 1. The state diagram for an actuator beam with a negative longitudinal piezoresistive coefficient, depicting the changes in the resonator position (x), actuator temperature (T ac ), actuator axial stress (σ x ), actuator electrical resistance (R ac ), and Joule heating (P ac ) over one cycle. This feedback mechanism requires a constant current to flow through the actuator beam. For a negative (positive) piezoresistive coefficient, a tensile stress in the actuator beam causes the beam resistance to decrease (increase), which leads to resonator Q eff enhancement (suppression) with an increasing direct current.
left-hand side of Fig. 1 , the resonator mass displaces to the left (x < 0), compressing the beam (σ x < 0), which causes the electrical resistance to increase (R ac > 0) due to the negative piezoresistive coefficient, which in turn increases the Joule heating in the beam (P ac > 0). This increases the temperature in the beam (T ac > 0), which due to thermal expansion further increases the compressive stress. The mass moves back to its equilibrium position (x = 0) where its velocity is maximum. Due to inertia, the mass continues its motion (x > 0), which lowers the beam electrical resistance (R ac < 0), which reduces the Joule heating in the beam (P ac < 0) and lowers the temperature in the beam (T ac < 0) which, due to thermal contraction, further increases the tensile stress (σ x > 0). The mass moves in the opposite direction, restarting the cycle. For sufficient current, the Q eff enhancement will lead to self-sustained oscillations of the resonator [30] . For a positive piezoresistive coefficient and a constant current, thermal pumping induces Q eff suppression.
Thermal pumping has been demonstrated in a variety of geometries fabricated from a variety of substrates, including silicon [31] [32] [33] [34] , group III-V semiconductors [35] , and even complementary metal-oxide semiconductor (CMOS)-MEM devices [36] . It can be incorporated into conventional fabrication processes with minimal change to process flow and its implementation within sensors or oscillators does not require sophisticated external control electronics. The primary disadvantage of thermal pumping is the large power consumption associated with flowing a current through the resonator (several hundred microwatts to a few milliwatts is typical) and the associated change in resonator properties during heating. The large power consumption is an issue for thermal actuators in general [37] and can be reduced by shrinking resonators into the nanoscale [38] .
Thermal pumping may enable Q eff tuning in handheld electronics, gigahertz frequency oscillators with submicrowatt power consumption, and in-cryostat signal generation for quantum computers. Thermal pumping can be integrated into the resonant sensors and oscillators used in handheld electronics. Unlike many of the other phase-independent Q eff tuning mechanisms, such as external feedback and optical pumping, thermal pumping does not require a bulky laboratory laser for position measurement or pumping. Because thermal pumping becomes more efficient at higher frequencies [39] , it may eventually enable gigahertz frequency oscillators with submicrowatt power consumption. Quantum computing requires the coupling of microwave signals to quantum bits (qubits) that are cryogenically cooled into their quantum ground states [40] [41] [42] , which requires bulky external microwave generators and cryostat cables that introduce parasitic reactance and added complexity. Thermal-piezoresistive selfoscillators may be helpful for integrating signal generators and qubits on the same chip, but cryogenic thermal pumping could require much higher dopant concentrations than previously considered to compensate for charge-carrier freezeout.
While a great deal of work has gone into characterizing and modeling the various dissipation mechanisms within MEM/NEM resonators, modeling of the various Q eff tuning techniques such as thermal pumping is still in its infancy [43] . Phan et al. developed a finite-element model to predict the threshold current in a lightly doped n-type flexural-mode thermal-piezoresistive resonator [31] . Rahafrooz and Pourkamali used a lumped element model to show that the self-oscillation threshold power scales quadratically with the resonator linear dimension [44] . Sundaram and Weinstein derived a lumped element model that predicts the threshold current in a variety of bulk-mode resonators as a function of material properties and resonator dimensions [29] . Miller et al. extended the model in [44] to predict the dependence of the threshold current on the ambient temperature [30] .
An accurate and generalizable model of thermal pumping would be very helpful for designing new device architectures for different operating temperatures, reduced power consumption, and increased attainable selfoscillation frequency. Recent studies have shown that tailoring the dopant type and concentration of MEM/NEM resonators improves their frequency-temperature stability [45] and tunes their nonlinear behavior [46] . This paper demonstrates that doping concentration and residual 044055-2 heating strongly influences thermal pumping Q eff behavior with direct current and confirms this behavior with a generalizable model that accounts for the doping and temperature dependence of the piezoresistivity.
II. DEVICE SETUP AND MODELING
We fabricate our devices using a wafer-scale encapsulation process that produces stable, high-quality-factor resonators in a hermetic, vacuum-sealed environment (see Ref. [47] ). Each device consists of a proof mass connected to two anchors via a wide "spring" beam and a narrow "engine" beam. The two anchors enable us to flow current through the resonator, tuning Q eff . The device resonates via a flexural mode that compresses and stretches the engine beam. Most of the electrical resistance of the device is in the engine beam, which is also the region that experiences the largest variations in stress during motion. The Joule heating from current flow is concentrated in the engine beam, inducing the coupled feedback cycle delineated in Fig. 1 . The geometry considered has a beam length of 50 μm, a spring beam width of 12 μm, and an engine beam width of 3 μm. The predecessor to the device geometry used here was first developed for thermal actuation [48, 49] and consisted of a polycrystalline silicon device with a wide beam directly connected to a narrow beam. Steeneken et al. later combined this thermal-actuation concept with a proof mass to create a single-crystal silicon resonator, the Q eff of which could be tuned using a direct current [28] .
The micromechanical resonator and electrical test setup is depicted in Fig. 2 . Our setup consists of a capacitive drive electrode, a capacitive sense electrode, a current source, and a piezoresistive readout. We apply a bias to the drive electrode and apply an ac voltage to actuate the device. We also apply a bias to the sense electrode and read out the motional current using a transimpedance amplifier. We piezoresistively read out the motion using a high-input-impedance amplifier. Given the relatively low device electrical resistance and resonant frequency, electrical loading from the drive and sense circuitry can be neglected (see Ref. [50] ). We fabricate the resonators using silicon-on-insulator wafers of either n-type or p-type doping, with varying dopant concentration and wafer orientation. The devices are aligned parallel to the [100] direction in the (100) wafers and parallel to the [110] direction in the (111) wafers. The doping concentration (N ) varies from moderate to high doping. Table I summarizes the doping type, doping concentration, measured electrical resistivity (ρ 0 ), and engine beam orientation of the resonators modeled and tested in this paper. The fabrication process is the same for all wafers, producing etch-hole-free encapsulated resonators, except for the heavily n-type doped devices, which have etch-holes.
To model the efficiency of the thermal-piezoresistive effect, we develop a fully coupled thermoelectromechanical model and implement it using COMSOL multiphysics [51] . Phan et al. reported a similar fully coupled model for predicting the self-oscillation current of lightly doped silicon thermal-piezoresistive resonators [31] . We use our model to predict the Q eff tuning behavior with current for p-type and n-type devices of varying dopings, orientations, and geometries. In our devices, the high doping concentration greatly degrades the piezoresistive coefficients but may be helpful for thermal pumping at low ambient temperatures. Moreover, the Joule heating that accompanies thermal pumping elevates the temperature of the device (mainly in the engine beam), which results in further deviation of our measurements from the model in Ref. [31] . We therefore incorporate the doping and temperature dependence of the piezoresistive coefficients into our model.
We first calculate the doping and temperature effect on piezoresistance based on Kanda's derivation [52] :
where ij (N , T) is the piezoresistive coefficient as a function of N and temperature (T). For single-crystal silicon, ij 044055-3 can be 11, 12, and 44. ij (300 K) represents the measured piezoresistive coefficient at 300 K for lightly doped silicon. The piezoresistance factor P(N , T) is given from Kanda as follows:
where
is the Fermi-Dirac integral of order zero and [52] . E F is the Fermi energy of the semiconductor, which is a function of N as well as T. k B is the Boltzmann constant. Given the fixed N (Table I) , the temperature dependence of piezoresistance ij (T) can then be determined from Kanda [52] . Figure S2 in the Supplemental Material shows the piezoresistance factor as a function of temperature, P(T), for the six different wafers used in this study [50] . We fit a 5th-degree polynomial to the nonlinear relation between temperature and piezoresistance factor for each of the six different wafers and then implement it into our COMSOL model. The finite-element simulation of Q eff tuning is divided into two steps. In the first step, we perform a stationary study for a direct current (I dc ) to obtain the direct current density (J dc ) distribution and elevated device temperature (T dc ) profile due to Joule heating [50, 53] . This simulation (shown in Fig. S3 in the Supplemental Material) indicates that the highest T dc occurs in the engine beam, which significantly decreases ij there. In the second step, we perform an eigenvalue study to solve the fully coupled partial differential equations and obtain the timevarying (ac) components [50, [54] [55] [56] . We use the stationary results (J dc and T dc ) from the first step for the second step to determine the ac heating power density (q ac ) and spatial variation of ij (T dc ) due to the localized dc Joule heating. The solutions of the displacement (u ac ) and temperature (T ac ) for the coupled equations can be expressed as follows:
where r is the spatial coordinate vector, t is time, U ac and ac are the complex-valued modal magnitudes,T(r) and (r) are real-valued eigenmode functions, and λ is the eigenvalue. The imaginary part of λ is the resonant angular velocity and the real part indicates the damping coefficient. Using an experimentally measured Q and the computed eigenvalue λ, we calculate the effective quality factor for a given direct current using
where Q TPP = Im(λ)/(2Re(λ)) indicates the quality factor induced by thermal-piezoresistive pumping. Q is the mechanical quality factor, which is obtained for I dc = 0 mA. When T ac in the engine beam is positive, the mechanical displacements are out of phase for the n-type and p-type devices due to their opposite longitudinal piezoresistive coefficients. For example, λ for an n-type doped device yields a negative Q TPP , indicating that the device is gaining energy due to the thermal-piezoresistive effect. For a p-type device, the positive Q TPP suggests energy loss, without contributing any fluctuations characteristic of intrinsic losses [57] . The force exerted by the thermal actuator during pumping is F t = βI 2 dc k l x, where k l is the lumped spring constant of the mode and β is a complex-valued coefficient that indicates the efficiency of thermal pumping [28] . Re{β} characterizes the change in effective stiffness and Im{β} characterizes the change in effective damping with current. The effective quality factor is related to Im{β} and the Q as follows:
We can compute Im{β} from λ at a given current using
In the absence of electrical loading, β only depends on the device geometry and material properties. For small currents, β is constant, so Im{β} is useful for comparing the thermal pumping efficiency of different geometries and materials. Im{β} is positive for Q eff enhancement and negative for Q eff suppression. |Im{β}| should be made as large as possible to optimize thermal pumping. Our model predicts Im{β} from first principles, which is very helpful for optimizing thermal pumping prior to device fabrication.
III. EXPERIMENTS
We use the ring-down method and the 3-decibel (3-dB) method to measure Q eff of our thermal-piezoresistive resonators as a function of I dc . The ring-down technique measures Q eff in the time domain using the rate of resonator-amplitude decay after the driving force is switched off. The 3-dB method measures the quality factor in the frequency domain by applying a driving force of increasing frequency, obtaining the amplitude versus frequency curve, and measuring the width of the resonance peak. For low-frequency and high-Q devices (e.g., our resonators), the ring-down technique is a more accurate measure of Q eff over the conventional 3-dB method, as it is usually difficult to achieve ultrafine frequency resolution to accurately determine the 3-dB bandwidth. Additionally, resonant-frequency fluctuations (especially for large currents) during the frequency sweep can result in an inaccurate bandwidth measurement. The ring-down method also eliminates the electronic loading effect on Q eff . We first measure the transmission magnitude and phase for increasing currents through our resonators using a network analyzer. Figure 3(a) shows that Q eff is enhanced by more than tenfold for our moderately n-type doped [100] device with increasing current, as measured using the 3-dB method. With increasing Q eff enhancement, the transmission becomes more sharply peaked and the phase slope steepens. This suggests that thermal-piezoresistive pumping is a phase-independent Q eff tuning mechanism, analogous to external feedback and optical pumping, in contrast to degenerate parametric amplification, where an increasing Q eff corresponds to a more sharply peaked magnitude but a less steep phase slope [58] . The contradictory phase-slope behavior is one of the differences between phase-independent and phase-dependent Q eff tuning mechanisms, and can be predicted using perturbation theory [59] . Figure 3(b) shows that during Q eff suppression of a heavily p-type doped [110] device, the transmission amplitude broadens and the phase slope becomes less steep.
We next characterize Q eff via the ring-down method at each I dc using both the capacitive and piezoresistive readouts (for a discussion of the trade-offs of these two different motion transduction techniques, see Ref. [50] ). After recording the vibration decay at a given I dc , we measure the quality factor at several segments along the trajectory. The extracted Q eff values are clustered together for a given current, which suggests that there is negligible nonlinear damping at the starting drive amplitude [60, 61] . Since we simultaneously measure each ring-down capacitively and piezoresistively, we use both time series to (100), and (c) PBH (100) device using the ring-down technique. Insets: the measured ring-down amplitude (R) versus time at various direct currents (I dc ) using the capacitive readout.
compute Q eff for each I dc . The estimates for Q eff generally closely agree between the two readout techniques, which corroborates the accuracy of the measurements. All measurements are performed in a temperature controlled chamber at 298 K.
We plot the Q eff tuning for the n-type devices in Fig. 4 and for the p-type devices in Fig. 5 , along with the eff I dc   FIG. 6 . Q eff -enhancement in the wide-spring-beam NSM (100) devices as a function of engine beam width, using the capacitive readout. With increasing engine-beam width, the Q effenhancement at a given direct current (I dc ) is reduced.
predictions from our finite-element model. The solid line indicates the simulation without accounting for the doping and temperature dependence of the piezoresistance. The dashed-dotted and dashed lines represent the simulations accounting for the doping and temperature dependence of the piezoresistance by adopting the Kanda model and a corrected Kanda model, respectively (for a detailed discussion, see Sec. IV). Of the n-type doped wafers, the moderately n-type doped device in the [100] orientation shows the most significant Q eff enhancement with direct current and thus the best thermal-piezoresistive efficiency. This is largely due to the higher longitudinal piezoresistance for the engine beam aligned in the [100] orientation with relatively low dopant concentration, while either a higher concentration or a different orientation (e.g., [110]) will reduce the longitudinal piezoresistance. The longitudinal piezoresistance for a (100) n-type doped wafer is maximized in the [100] orientation. Of the p-type doped wafers, the device on the heavily p-type doped (111) wafer shows the most significant Q eff suppression with current and thus the best thermal-piezoresistive efficiency. In this case, the [110] device orientation on the wafer corresponds to the largest possible piezoresistive coefficient and hence more efficient thermal pumping, while the [100] orientation corresponds to a nearly zero piezoresistive coefficient. The thermal-piezoresistive efficiency can be further improved by using [110] devices with a lighter p-type doping.
We also study the influence of engine beam width on thermal pumping in Fig. 6 . We choose the moderately ntype doped (100) wafer because the thermal-piezoresistive effect is strongest for this doping and orientation. We use devices with a beam length of 20 μm, a spring beam width of 60 μm, and a variety of engine beam widths from 2 to 5 μm. The proof-mass dimensions are the same as for the device tested in Fig. 4(a) . We observe that thermal pumping becomes progressively less efficient as we increase the engine-beam width, which agrees with our model. The wider spring beam corresponds to a higher resonant frequency (about 500 kHz) and thus a larger actuation force is required to achieve the same displacement. A wider engine beam also corresponds to a lower current density for a given direct current, which corresponds to a smaller temperature variation in the engine beam for a given displacement. A shorter engine beam corresponds to a smaller change in actuator resistance for a given piezoresistivity and stress amplitude. All of these factors correspond to a lower thermal-piezoresistive efficiency than the geometry tested in Fig. 4(a) .
IV. DISCUSSION AND CONCLUSIONS
We observe that after incorporation of the theoretical Kanda model to account for the doping and temperature dependence of the piezoresistance (the dashed-dotted lines in Figs. 4 and 5), our simulations still deviate from the measurement results. In particular, the simulations overestimate the variation of Q eff at higher I dc for moderately doped devices while underestimating the Q eff variation for highly doped devices. We initially attributed this discrepancy to the temperature dependence of the damping (i.e., thermoelastic dissipation [62] ) or other material properties (i.e., electrical resistivity), but follow-up finite-element simulations have indicated that thermoelastic dissipation and resistivity only have a minor effect on thermal pumping (see Ref. [50] for n-type doping [64] . For the moderately doped samples, the actual piezoresistivity should be noticeably lower than the value predicted by the Kanda model. By correcting the Kanda model predictions of the doping effect on the piezoresistivity with an empirical factor based on the experimental data in [63, 64] , the simulation (the dashed lines in Figs. 4 and 5) more closely agrees with our measurements of the moderately doped devices. However, the simulations with the corrected Kanda model underestimate the thermal-piezoresistive efficiency for the highly doped devices, which warrants further investigation. One possible cause for the discrepancy could be the variation in the fabricated geometry from the simulated geometry. As shown in Fig. 6 , the thermal-piezoresistive efficiency is sensitive to the engine beam width and our simulations suggest that an overetch of 500 nm in the engine beam of the heavily doped devices would yield complete agreement with the experiments. Additionally, the fabrication process of the heavily n-type doped device is different from others and has etch holes perforated throughout the proof mass. In future device fabrication runs, the critical dimensions of all of the engine beams will be measured prior to the encapsulation process and the heavily n-type doped devices will be refabricated using the same process as for the other devices. Moreover, to validate the doping effect on piezoresistivity for our devices, test structures will be included into each wafer that enable us to experimentally extract the doping.
The β parameter that we discuss in Sec. II is the most important metric for thermal-piezoresistive performance. In Fig. 7 , we compare the simulated value of Im{β} to the experimentally extracted value for our devices. We observe significant degradation of the nominal Im{β} in the heavily doped n-type and p-type wafers. In the moderately n-type [110] and moderately p-type [100] devices, the nominal Im{β} degrades at large currents due to the degradation of 044055-7 the piezoresistive coefficients with increased device temperature. We extract the experimental Im{β} value for each device by fitting Eq. (6) to the measured Q eff values (shown in Fig. S5 in the Supplemental Material). Since the temperature dependence of Im{β} is still not significant at the applied currents, a good fit between the experiment and the model is possible for constant |Im{β}|. The experimental Im{β} values agree fairly well with the simulated values, particularly for the moderately doped devices, and decreases by more than an order of magnitude for the same geometry when the doping is increased from moderate to heavy doping.
In this paper, we demonstrate that thermal-piezoresistive Q eff tuning can be predicted using a coupled finite-element model. We experimentally and theoretically show that |Im{β}| can vary by nearly 2 orders of magnitude for the same geometry by changing the wafer orientation, dopant type, and doping concentration. There is room to improve Im{β} by several orders of magnitude from the values we report here and thus dramatically improve the thermal-piezoresistive efficiency [28] . To minimize the power consumption of thermal pumping, the geometry, doping, and device orientation should be optimized. For n-type doped devices, the [100] engine beam alignment is optimum, while for p-type doped devices, the [110] engine beam alignment is optimum in-plane. For a given piezoresistivity, increasing the engine beam length will increase the piezoresistance and hence the thermalpiezoresistive effect. To increase the current density in the engine beam, the cross-section area of the engine beam should be reduced, either by reducing the beam width or by reducing the device layer thickness. To maximize the piezoresistive coefficients, the doping concentration should be well below 10 19 cm −3 for both the n-type and ptype devices. The model that we discuss here will be helpful for predicting Im{β}, and thus thermal-piezoresistive efficiency, during device design.
